Abstract. This paper establishes necessary and sufficient conditions for a biamalgamation to inherit the arithmetical property, with applications on the weak global dimension and transfer of the semihereditary property. The new results compare to previous works carried on various settings of duplications and amalgamations, and capitalize on recent results on bi-amalgamations. All results are backed with new and illustrative examples arising as bi-amalgamations.
Introduction
Throughout, all rings considered are commutative with unity and all modules are unital. Let f : A → B and g : A → C be two ring homomorphisms and let J and J ′ be two ideals of B and C, respectively, such that I o := f −1 (J) = g −1 (J ′ ). The
bi-amalgamation (or bi-amalgamated algebra) of A with (B, C) along (J, J
′ ) with respect to ( f, g) is the subring of B × C given by
This construction was introduced in [26] as a natural generalization of duplications [12, 14, 17, 18, 27, 30] and amalgamations [15, 16, 19] . In [26] , the authors provide original examples of bi-amalgamations and, in particular, show that BoisenSheldon's CPI-extensions [7] can be viewed as bi-amalgamations (Notice that [15, Example 2.7] shows that CPI-extensions can be viewed as quotient rings of amalgamated algebras). They also show how every bi-amalgamation can arise as a natural pullback (or even as a conductor square) and then characterize pullbacks that can arise as bi-amalgamations. This allowed them to characterize Traverso's glueings of prime ideals [29, 31, 32, 33] which can be viewed as special bi-amalgamations.
Then, the last two sections deal, respectively, with the transfer of some basic ring theoretic properties to bi-amalgamations and the study of their prime ideal structures. All their results recover known results on duplications and amalgamations. Finally, it is worthwile recalling that, very recently, Finocchiaro investigated necessary and sufficient conditions for an amalgamated algebra to inherit various Prüfer conditions (including the arithmetical property) [19] .
This paper studies the transfer of the arithmetical property and related notions to bi-amalgamations. A ring R is arithmetical if every finitely generated ideal is locally principal [20, 25] ; and R is semihereditary if every finitely generated ideal is projective [11] . The following diagram of implications summarizes the relations between the main three notions involved in this paper:
where w. dim(R) denotes the weak global dimension of R. Recall that all these properties are identical to the notion of Prüfer domain if R has no zero-divisors, and that the above implications are irreversible, in general, as shown by examples provided in [1, 4, 5, 6, 8, 9, 10, 12, 13, 22, 23, 24] . Very recently, these conditions (among other Prüfer conditions) were thoroughly investigated in various contexts of duplications [12] . This paper establishes necessary and sufficient conditions for a bi-amalgamation to inherit the arithmetical property, with applications on the weak global dimension and transfer of the semihereditary property. Section 2 is devoted to the transfer results, the main of which (Theorem 2. Notice, at this point, that in the presence of the equality
and only if J ′ = C; and in this case A ⊲⊳ f,g (J, J ′ ) = B × C. Therefore, in this paper, we will omit this case (i.e., J and J ′ will always be proper) since it is known that the above Prüfer notions are stable under finite products (cf. [12, p. 251] ).
Throughout, for a ring R, Spec(R) (resp., Max(R)) will denote the set of all prime (resp., maximal) ideals of R, and, for any ideal I of R, Spec(R, I) (resp., Max(R, I)) will denote the set of all prime (resp., maximal) ideals of R containing I.
Results
Let f : A → B and g : A → C be two ring homomorphisms and let J and J ′ be two proper ideals of B and C, respectively, such that
with respect to ( f, g). This section investigates the arithmetical and semihereditary properties as well as the weak global dimension in bi-amalgamations. The first main result establishes necessary and sufficient conditions for a biamalgamation to inherit the arithmetical property. To this purpose, let us adopt the following notation:
For any p ∈ Spec(A, I o ) (resp., ∈ Max(A, I o )), consider the multiplicative subsets 
These facts will be used in the sequel without explicit reference. Recall that a local arithmetical ring is also called a chained ring (i.e., its lattice of ideals is totally ordered by inclusion).
Theorem 2.1. Under the above notation, we have:
(1) A ⊲⊳ f,g (J, J ′ ) is a
chained ring if and only if both f (A) + J and g(A) + J ′ are chained rings and J
= 0 or J ′ = 0. (2) A ⊲⊳ f,g (J, J ′ )
is arithmetical if and only if both f (A)+ J and g(A)+ J ′ are arithmetical and, for every
Moreover, recall that the chained ring notion is stable under factor ring and
. Therefore, the result follows readily from [19, Proposition 4.9] .
(2) First note that (1) is the local version of (2) . In order to see this, recall 
given by [26, Proposition 4.1(2)], we deduce that 
is a chained ring (since the arithmetical property is stable under localization). By
where 
Indeed, first observe that
The forward inclusion is obvious. To prove the other, let
for some a ∈ A, s ∈ A \ p and i, j ∈ J. Clearly, it suffices to show that
This is true since one can check that 
By hypothesis we have, say, J ′
It follows, via [26, Proposition 4.1(2)] and Claim 1, that:
arithmetical, completing the proof of the theorem. As an illustrative example for Theorem 2.1, Example 3.1 provides an original arithmetical ring which arises as a bi-amalgamation.
Recall that the amalgamation of A with B along J with respect to f is given by
Clearly, every amalgamation can be viewed as a special bi-amalgamation, since
. Accordingly, Theorem 2.1 covers the special case of amalgamations, as recorded below. 
Corollary 2.4. Under the above notation, we have:
(1) A ⊲⊳ f J
is a chained ring if and only if both A and f (A) + J are chained rings and
J = 0 or f −1 (J) = 0.
is a chained ring (resp., valuation domain).
For an original example of arithmetical ring arising as an amalgamation, see Example 3.2. Next, let I be a proper ideal of A. The (amalgamated) duplication of A along I is a special amalgamation given by
The above corollary recovers known results on the transfer of the arithmetical property to duplications, as shown below.
Corollary 2.7 ([12, Theorem 3.2(1) & Corollary 3.8(1)]). We have:
(
1) A ⊲⊳ I is a chained ring if and only if A is a chained ring and I = 0. (2) A ⊲⊳ I is arithmetical if and only if A is arithmetical and I
As another application of Theorem 2.1, we get necessary and sufficient conditions for a bi-amalgamation to have weak global dimension at most 1. For this purpose, let Nil(R) denote the nilradical of a ring R.
The converse holds if I o is radical.
Proof. Recall that a ring R has weak global dimension at most For the special case of amalgamations, we have a more well-rounded general result. For this purpose, we first recall the following result which examines the transfer of coherence to amalgamations. 
Examples
First, as an illustrative example for Theorem 2.1, we provide a family of nonreduced arithmetical rings which arise as bi-amalgamations. Next, as an illustrative example for Corollary 2.11, we provide a new example of semihereditary ring which arises as a bi-amalgamation. A and D) . Therefore, Corollary 2.11 leads to the conclusion.
